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Two- and Three-Dimensional Analysis of Hypersonic
Nonequilibrium Low-Density Flows
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Flowfield results have been obtained for hypersonic, low-density, two- and three-dimensional, non-
equilibrium viscous shock-layer flows. Three-dimensional calculations are performed for sphere-cone-
shaped bodies at various angles of attack. Recently obtained surface and shock-slip boundary conditions
are implemented to account for the low-density effects. These boundary conditions may also be employed
with the Navier-Stokes equations with or without a shock-fitting solution technique. A method is sug-
gested for obtaining the input shock shape for the three-dimensional nonequilibrium viscous flow. This
approach gives superior convergence of results, especially under low-density flow conditions, and makes
the VSL method self-starting. The analytic algebraic grid implemented with the equations does not add
any numerical dissipation. Obtained results show the effect of low density on the surrounding flowfield
and surface quantities for a hypervelocity vehicle. Good agreement is obtained with the available nu-
merical results (including the direct simulation Monte Carlo predictions) and experimental data for the
low-density flight conditions.

Nomenclature
d = mass fraction of species i, pf /p*
CH = heat transfer coefficient, 2q*/p£U£3

Cp = frozen specific heat of mixture, 2, CtCp4
Cpii = specific heat of species i, C*//C*«>
D,f = binary diffusion coefficient
£*» *r» 2* = unit vectors along jc, r, $
/i = mixture enthalpy, S,- C,/i/
/i, = enthalpy of species /, h?/U£2

hi, h2, h3 = scale factors for a surface-normal coordinate
system

K = thermal conductivity of mixture, AT*//x*fC*«>
Let = Lewis number, p*D$C$/K*
Moo = freestream Mach number
N = vector normal to the shock surface,

Figs. 2a and 2b
NS = number of reacting species
nsh = shock standoff distance, n&/R%
Pr = Prandtl number, /
p = pressure, p*/p;t£/*2

Re«> = Reynolds number, p
R% = nose radius
s, n, <f> = nondimensional surface-oriented coordinate

system, Fig. 1, s = s*/R$, n = n*//?$, </> = 4
deg

T = temperature, T*/r*f
f = vector tangent to the bow shock,

Figs. 2a and 2b
T*f = reference temperature, U£2/€%<*>
U£ = freestream velocity
u, v, w = streamwise, normal, and crossflow velocity

components nondimensionalized by the
freestream velocity
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molecular weight of species i
molecular weight of mixture
mass rate of formation of species i,

A</> =

axial distance from blunt nose, body axis
angle of attack
shock angle in meridional plane, Fig. 1
angle between the component of freestream
velocity and the total velocity behind the shock
in meridional plane, Fig. 2c
recombination coefficient for species i
ratio of specific heats, C*/C*
heat of formation of species i
step sizes in the streamwise and crossflow
directions

= Reynolds number parameter,

f) = normalized surface-normal coordinate, n/nsh
0 = accommodation coefficient
02 = angle by which the streamline is turned in

crossing the shock, Fig. 2b
Of = body angle in the streamwise direction
K€ , K£ = body curvature in streamwise and crossflow

direction, KS = KfR$, K^ = icf R$
H,*f = reference viscosity, ^*(r*f)
£, 17, £ = transformed surface-oriented coordinate,

£ * 5, 17 = g(f)), £ = 0
= density, p*/p£
= angle^ between the freestream velocity vector

and t , Fig. 2b
= crossflow plane or azimuthal angle measured

from windward plane

p
cr'

Subscripts
body

i
s
sh
TP
w
wind

coordinate system with origin at the geometric
stagnation point
fth species
Knudsen-layer edge value
shock value
tangency point
wall value
coordinate system with origin at the
aerodynamic stagnation point
freestream condition
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Superscripts
s = Knudsen-layer edge value
' = derivative with respect to £
* = dimensional quantity

= normalized variable
= shock-oriented quantities

* = vector quantity

Introduction

S INCE most of the currently planned and future hypersonic
vehicles will be operating in the upper atmosphere, it is

important to quantify the low-density effects. This work is in-
tended to analyze these effects for axisymmetric bodies at an-
gle of attack with finite rate chemistry.

Among the computational methods available for predicting
hypersonic finite rate blunt body flows, the viscous shock-layer
(VSL) technique is a very effective and efficient tool1'2 for
attached flows. Even at large angles of attack, flow in the nose
region of a vehicle stays generally attached in the crossflow
plane. Therefore, the VSL methods can be employed to pro-
vide the starting solution for an accurate afterbody solution
scheme (such as a parabolized Navier-Stokes scheme2). Fur-
ther, the nonequilibrium VSL technique3 can provide the blunt-
body (nose-regions) solutions at a small fraction of the com-
putational time and storage needed for a nonequilibrium Na-
vier-Stokes scheme.4

Swaminathan et al.5 and Song et al.6 have considered the
low-density effects through surface- and shock-slip formula-
tions in their analyses of the three-dimensional viscous shock-
layer flows. Their shock-slip formulation, however, did not
account for derivatives of the shock quantities in the shock-
oriented coordinate system, among other errors. This intro-
duces errors in analyzing flows beyond the stagnation line.
They also retained the errors (such as inconsistent gas-surface
interaction model and incorrect evaluation of the diffusion
flux) of Ref. 7 in the specification of surface slip boundary
conditions as explained in Ref. 8 (p. 9). Further, the frozen-
flow approximation employed in the shock-slip boundary con-
ditions of Refs. 5 and 6 is not a very physically appealing
approximation for a thick shock under the low-density condi-
tions, where the characteristic flow times are large enough to
initiate chemical activity through the shock. Unlike Refs. 5 and
6, it is also desirable to solve the flowfield equations with equal
step size in the computational plane to keep the same order of
accuracy for the computed results. Finally, to make the com-
puter code robust and to speed up global convergence, the
input shock shape for the low-density nonequilibrium viscous
shock-layer calculations should be obtained from a corre-
sponding approximate flowfield calculation in place of using
an equilibrium shock shape.5'6

This study was carried out by employing a three-dimen-
sional viscous shock-layer code9 with the recently obtained
surface- and shock-slip boundary conditions. Row governing
equations in the code, however, are recast in terms of an an-
alytical grid, which has a zero numerical dissipation of its own.
The latest transport properties are employed for the air species
with appropriate mixing laws for the ionized mixture. Com-
parisons are made with other numerical predictions [including
the direct simulation Monte Carlo (DSMC) results] and the
available flight data.

Analysis
The VSL equations are obtained from the steady-state

Navier-Stokes equations by keeping terms up to second order
in the inverse square root of the Reynolds number e. Conse-
quently, one set of equations is solved for both the inviscid
and viscous regions. Further, parabolic approximations are
made in the streamwise and crossflow directions. Thus, the
equations can be solved in both directions using marching
techniques that are efficient in terms of computer time and
storage requirements. The equations are limited, however, to

attached flows in both directions. A three-dimensional VSL
code, originally developed in Ref. 9, serves as the basis for
this study.

Governing Equations
The viscous shock-layer equations for a reacting multicom-

ponent gas mixture are obtained from the basic conservation
equations10'11 by the method mentioned earlier. These equations
in the orthogonal, body-oriented transformed coordinates (Fig.
1) and normalized form are provided here. Most of the flow-
field variables are normalized with their local shock values to
keep them of the order of 1. The normal coordinate is nor-
malized with the local shock standoff distance to obtain a con-
stant number of grid points between the body and shock. The
second-order partial differential equations (PDEs), namely, f
(or s) momentum, £ (or <f>) momentum, energy, and the species
continuity equations are written in the following form:

d2w
drf dg

A2W
/sg\2

W
^ , A4 dW As dW

•> ^ ' - •» -.» ^ / \ 2 ^ c, — U \l)

A I °o I TTr v 2 /^ v 2

^T Ao ^

where dgldr) and d2g/drf are the first and second derivatives
of the stretching function12 g(fj). The quantity W represents u
in the f-momentum equation, w in the ^-momentum equation,
T in the energy equation, and C, in the species continuity equa-
tion. The coefficients A0 to A5 are given in Ref. 13.

The remaining first-order PDEs are written as follows:
Global continuity:

nsh

dg
/*3) —dr]

— + —
dr] d£— —nsh dr]

rj momentum:

___ dv pshpv _dv d£ _ PshMshpMT? dnsh £v ££
^i df nsh dr? df} /Z!nsh dg dr] dr)

(2)

+ pshpw dV _ dnsh dv dg _ pshM2hpM2 dh,
dr)

/z3 nsh df) nsh ar; df) ""

Equation of state:

p = pT(WJW)

(3)

(4)

Boundary Conditions
The following surface and shock boundary conditions are

employed:

Surface Slip Conditions (Employed at r\ - rjj
The equations relating the slip values to wall values and

gradients at the edge of the Knudsen layer (17 = rjs) are8
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Tangential velocity slip:

us = t

Stagnation
point

-Shock

Fig. 1 Body and shock-oriented coordinate systems in a meridional plane.

Concentration slip:

w _ r, /ft\ g , fF
'~ c 'w Vr. V^

X
1 d« dg

W \ftsh ^T? dfj 1
TTS > ' '

Circumferential velocity slip:
- c.)
nsh

(9a)

X
COS

where

cos (6) C ? - l + ^£ + 1TT

(9b)

Temperature slip (with frozen internal energy during reflec-
tion from surface):

with

A = O for i = O2 and A = N for i = N2 (9c)

- I
_ _ » / 2 f * \- 7V*\2-vJ,'

X

G MA^ A,
V 2 «sh/>rshVS^Fr VW

i/»f = 0, (for all other species)

(9d)

(9e)

(9f)

- - (7)

In Eqs. (9b), (9d), and (9e), the subscript A denotes an atomic
species O or N.

For noncatalytic surface, yA = 0 in Eq. (9d), and Eq. (9b)
with fa = 0 for all the species, gives8

Pressure slip:

5\/27r

57?
(10)

X A /— - w

For a fully catalytic surface at sufficiently low temperatures,
an appropriate boundary condition is

(8)
(Q, = (Q. (11)
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Shock-Slip Conditions (employed at TJ = 1):
Continuity:

= -sin (12)

s momentum:

M.f-
L^sh

- \—\ sin(j8 - 6*)\ + si
\df/sh J

sin(/3 -
°S

sin /%„, = cos p sin )3 (13a)

where

cos(/3 -

f-j sin(/3 - 0{) /cos ̂ (13b)

+ (~) sin(/3 - ^ /cos
\af/sh J/

n momentum:

= p« + sin )8(sin £ + vsh) + e2 - hu, —

(13c)

(14)

Energy:

sin
/3T\ 1

- — sinGS- 0,)
X^b/sh J

- cos - v2
h)] sin

r i r\ —
L«Sh L

cos(j8 -

(15)

Species continuity:

{=[«-»- *+fr-»-
sin j8(Qsh - C(>) = vv, dr? = w,,avSsh

Jsh

with

>V/,av = VV/.SH/2

sh = (T?OO - i?sh)

(16a)

(16b)

(16c)

The shock thickness 6sh to a good degree of approximation
may be obtained from

(16d)

Equation (16d) has been approximated from Refs. 14 and 15.
This equation has been further verified by integrating the equa-
tions for a merged stagnation shock layer of nonequilibrium
dissociating gas16 with the same properties as those used here.
The shock thickness 5sh, obtained in Ref. 16 from integrating
through the shock, keeping the vv, term, is very close to that
obtained from Eq. (16d). The importance of keeping the pro-
duction term w( in the shock transition zone (or, alternatively
in the shock-slip relations) is shown in Ref. 16. If the shock
is thin (i.e., 5sh is of order 10~2) the mass rate of production
of atoms Wf may be assumed negligible across the shock. This
assumption makes the right-hand side of Eq. (16a) zero.

Since velocity components tangent and normal to the shock
(see Fig. 1) are not the same as those tangent and normal to
the body, the following transformations are needed to obtain
velocity components at the shock in the body-oriented coor-
dinates from the shock-oriented coordinates:

WSH = wsh cos <£sh cos(/3 - e€) - vsh cos <£sh sin(/3 - Of) (17)

vsh = wsh cos <£sh sin(j8 - 0f) + vsh cos <£sh cos(/3 - 0€) (18)

wsh = -sin + v2
h (19)

where ft and 0€ are the shock and body angles, respectively,
and 0sh is the crossflow angle (see Fig. 2a) defined as17

sn < s h = = -sin(cr' - cos(o-' - (20)

In Eq. (20), (a' - 9'2) is the angle that the velocity vector
after crossing the shock makes with the shock-tangent vector
t in the f t - f plane (see Fig. 2b), and A^ and T+ are the
components of normal and tangential vectors N and T, re-
spectively, in the crossflow direction (see Fig. 2a). For a two-
dimensional flow over an axisymmetric body at zero degree
angle of attack, Eqs. (17) and (18) reduce to those given in
Ref. 18 with <£sh = 0 deg.

Alternately, the following relations can also be used to relate
the velocity components at the shock in the body- and shock-
oriented coordinate systems:

= cos <£sh cos(j8sh -

vsh = cos 4>sh sin(j8sh -

v2
h

+

wsh = -sin v2
h

(21)

(22)

(23)

where /3sh is the flow angle from the body axis in a meridional
(or (f> = const) plane17 (see Fig. 2c),

Psh -sin(o-' - B'2
- «W -f cos(cr' - BQT,

cos(<7' - 02)TX ^ }

with angles a' and 0'2 defined in^Fig. 2b and N» Tx and Nr, Tr
are the components of vectors N and f in the body-axis and
radial directions, respectively.

Angle (j8sh - 0€) appearing in Eqs. (21) and (22) may be
obtained from (see Fig. 2c):

tan(j3sh - 6f) = v*h/w*h = vsh/wsh (25)

Chemical Reaction Model
The net mass rate of production of a chemical species per

unit volume w? is obtained from the usual kinetic relations.19
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Rotation about N
through (

Line parallel to
body surface on

constant plane

Symmetry plane

a)

Body axis

Fig. 2 Shock-wave vectors, rotation angles, shock and flow angles, and velocity components for shock boundary conditions: a) shock-
wave normal and tangent vectors and rotation angles about ft and ̂  vectors, b) shock and flow angles in the ft - t plane, and c) velocity
components and angles in a meridional (<f> = const) plane.

For the seven species (O2, N2, O, N, NO, NO+, and e~) air
calculations in the present code, the reaction model is similar
to that used in Ref. 19. The species production terms appearing
in the energy and species continuity equations are written in
terms of temperature and concentration following the approach
of Ref. 19. The reaction rate constants and the relative effi-
ciencies of the catalytic third bodies are obtained from Ref.
19. These rate constants and the catalytic efficiencies are iden-
tical to those reported in Ref. 20 for the seven-species air
model up to a temperature of about 12,000 K.

Thermodynamic and Transport Properties
Thermodynamic properties for the multicomponent air mix-

ture obtained by assuming a thermally perfect gas and for the
individual species are obtained from Ref. 20.

Transport properties for the gas mixture are obtained using
the methods of Ref. 21 for viscosity and that of Ref. 22 for
thermal conductivity. Individual species viscosity and frozen
thermal conductivity are based on the work of Ref. 20.

In this study, a variable Prandtl number is used, whereas the
Lewis number is set equal to 1.4. For the ionized species, an
ambipolar type of diffusion is employed.23 For such a diffusion
the binary diffusion coefficients must be doubled in the cal-
culations. Accordingly, a Lewis number of 2.8 has been used
for the ionized species. Previous studies5'6'9 ignored this effect.

Method of Solution
Murray and Lewis24 presented a method for solving the

three-dimensional, perfect gas viscous-shock-layer equations
along a body. Reference 9 applied this method of solution to
three-dimensional nonequilibrium flows. A similar finite dif-
ference method is used here to solve the £ momentum, £ mo-
mentum, energy, and species continuity equations. By using
two-point backward differences in the | direction, the zig-zag
finite difference expressions of Krause25 in the £ direction, and
central differences in the 77 direction in the second-order par-
abolic Eq. (1), a tridiagonal finite difference form is obtained
that can be solved by the Thomas algorithm for each depen-
dent variable represented by W. The solution of this second-
order set of equations is obtained by an uncoupled cascading
scheme. The first-order PDEs, Eqs. (2) and (3) of continuity
and normal momentum, respectively, are solved by a similar
method, but they are coupled together.24 The coupled solution
of these two equations promotes convergence and ensures sta-
bility in the marching solution, especially for the slender
bodies.12

There are a few points in the flowfield where the governing
equations become singular, and the limiting form must be eval-
uated. Along the stagnation streamline, the £ derivatives of the
pressure and shock standoff distance are zero, and the tangen-
tial component of velocity behind the shock wsh is also zero.
These zero values result in a singularity in the coefficients of
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Shock

U^cos <b

Body at zero-deg
angle of attack

Body at cc-deg
angle of attack

Stagnation
point

Tangent points

Fig. 3 Coordinates and bodies at zero and a-deg angles of attack.

the f-momentum equation. The continuity equation also be-
comes singular with £ approaching zero. These singularities
are removed by using the series expansions of Ref. 24. Further,
the crossflow velocity w is zero along the windward and lee-
ward streamlines, and the value of dw/df is needed in the con-
tinuity equation. This is obtained by taking the £ derivative of
the crossflow equation and solving for the new dependent var-
iable dw/d£. In the windward and leeward planes, the £ deriv-
atives of all dependent variables, except that of w, are zero,
and the second derivative of w is zero. The equation of dw/d£
is solved by writing it in the standard parabolic form, namely,
Eq. (1).

The solution begins on the spherical nosecap at the aero-
dynamic stagnation point where an axisymmetric solution in a
wind-fixed coordinate system is obtained. The axisymmetric
(one-plane) solution on the sphere is marched downstream to
encompass the aerodynamic and geometric stagnation points.
The wind-fixed solution is then rotated around the sphere and
interpolated to obtain the shock-layer profiles in the body-fixed
(three-dimensional) coordinate system. These are used as the
initial profiles for the three-dimensional solution. The three-
dimensional solution begins in the windward plane at a spec-
ified streamwise (or f) location and marches around the body
obtaining a converged solution at each circumferential (or £
direction) step. The governing equations are solved at each
point in the flowfield in the following order: species continu-
ity, crossflow (or £) momentum, energy, streamwise momen-
tum, integration of global continuity for shock standoff dis-
tance nsh, and the coupled normal (or 17) momentum and
continuity equations. After integration of the continuity equa-
tion, the new shock standoff distance is used to update the
shock-layer profiles for the next local iteration while the shock
slope, dnsh/d£, remains fixed at the input value. The equations
are iterated in this manner until each of the flowfield variables
is converged through the entire shock layer at the given f and
£ stations. Global convergence of the VSL solutions is satisfied
by repeating the calculations over the entire body using the
computed shock standoff distance obtained from the previous
pass to provide the new shock shape (i.e., shock standoff dis-
tance and its slope). Global iterations are repeated until the
input and output shock shapes are converged. Other details of
the solution procedure are provided in Ref. 13.

Calculation of Input Shock Shape
The global iteration process outlined in the previous para-

graph requires an initial value of the shock slope, dnsh/d£ and
dv/d£ which introduces an elliptic effect into the equations. In

the present scheme, d«sh/d£ is obtained either from an inviscid
equilibrium air solution26 (which is scaled by a constant), or
from a viscous nonequilibrium analysis. The values of dv/dg
are calculated from a backward-difference approximation. The
scaling factor used with the inviscid equilibrium solution for
the shock standoff distance is in the range of 1.2-1.25. The
initial input shock shape obtained from this scaling accounts
for the nonequilibrium effects on the flowfield and limits the
shock-shape correction and, therefore, decreases the required
global iterations.

Even though the results obtained from using an inviscid
equilibrium shock shape with a scaling factor are satisfactory
for nonequilibrium viscous flows at high Reynolds numbers,
convergence problems are encountered at freestream Reynolds
numbers (based on the nose radius) less than about 2000.
These values of the Reynolds number are encountered under
the low-density flight conditions. Under these conditions, the
entire shock layer becomes viscous. An alternate method for
obtaining a three-dimensional viscous, nonequilibrium input
shock shape is, therefore, suggested here. The starting point is
the generation of a two-dimensional viscous nonequilibrium
shock shape for an axisymmetric body (see Fig. 3) with effec-
tive angles of (S€ + a) (for simulating the flowfield on the
windward side) and (Of - a) (for simulating the flowfield on
the leeward side). The two-dimensional solutions can be ob-
tained from the three-dimensional VSL code by running it in
the two-dimensional mode. For the body at a, these solutions
are used from the aerodynamic stagnation point up to the tan-
gency point (where the nose of the body is axisymmetric) in
the wind-fixed coordinates (see Fig. 3). Beyond the tangency
point, the shock shape (for the body solutions) is specified in
the body-fixed coordinates. The relationship between the wind-
fixed and body-fixed coordinates (shown in Figs. 1 and 3)
along the windward and leeward streamlines, respectively, is

(26a)
(26b)

V? wind/I (0)«0 ~ ^body

,)=ir = ^body

Having obtained the windward- and leeward-side values of the
shock standoff distance and shock slope from the two-dimen-
sional solutions of bodies with effective body angles, their dis-
tributions around the body [0 ^ £(<£) =£ if] for body solution
(i.e., beyond the tangency point) may be obtained from

cos
- cos (27)
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1 + cos <f>

*5* ~ cos
(28)

The same relations are valid for

Results and Discussion
Detailed flowfield results have been obtained for hypersonic,

low-density, two- and three-dimensional, nonequilibrium vis-
cous shock-layer flows. Three-dimensional calculations are
performed for sphere-cone-shaped bodies at various angles of
attack. Obtained results show the effect of low density on the
flowfield around hypervelocity vehicles. Present predictions
have been compared with the available experimental data and
other numerical predictions, including those from the DSMC
method.

Results for Nonequilibrium Flow Without Slip
These results have been obtained to check the accuracy of

the solutions with the new grid and transport properties, as
well as to study the effect of input shock shape. As mentioned
earlier, the input shock plays a major role in obtaining good
quality solutions and their global convergence.

Effect of Input Shock Shape
Figure 4 shows the input shock shapes for the leeward and

windward sides obtained from the inviscid equilibrium and
viscous nonequilibrium flowfield calculations. As mentioned
earlier, the inviscid equilibrium shock shape is obtained from
the code of Ref. 26. The viscous nonequilibrium shock shape
is obtained from two-dimensional calculations using the effec-
tive body angles for the windward and leeward sides and em-
ploying a cosine distribution to obtain shock shapes for other
meridional planes. As expected, the shock standoff distance
obtained from the inviscid equilibrium calculations is smaller
than the one obtained from the viscous nonequilibrium com-
putations. The difference between the two values increases
with the decrease in density, especially on the leeward side.
Figure 5 gives the same shock standoff distance by employing
the two different shock shapes of Fig. 4 for this relatively high
Reynolds number case. Surface heat transfer coefficient em-
ploying the two input shock shapes converges to almost the
same value as shown in Fig. 6, with inviscid equilibrium input
shock shape requiring an additional global pass for this case.
For moderately high Reynolds number nonequilibrium flow-
field calculations, an input shock shape obtained from inviscid
equilibrium flow calculations serves as a good initial guess
with a scaling factor of about 1.2. However, for the fairly low
Reynolds number flows (Re*> ^ 2000), solutions may never
converge with an inviscid equilibrium input shock shape.13 No
such convergence problems are encountered with a rotated in-
put shock shape.13

Effect of Angle of Attack
The surface heat transfer coefficient for a 9-deg sphere cone

at three different angles of attack (5,8, and 11 deg) is given
in Fig. 7. The results are shown only for the leeward and
windward meridional planes. As before, the axisymmetric re-
sults for the spherical nose are given in wind-fixed coordinates,
whereas the three-dimensional results beyond the tangency
point are given in body-fixed coordinates. The heating at the
aerodynamic stagnation point increases with increase in a and
the maximum value is obtained for a = 11 deg. This increase
in heating is because of the increased shock-shape asymmetry
for larger values of a (e.g., see Fig. 3). Also, the heating is
highest for the windward side, and lowest for the leeward side
of the body at 11-deg angle of attack than at lower angles of
attack.

Comparison with Two-Dimensional Results
Detailed comparisons of the results obtained for a 20-deg

sphere cone at 0-deg angle of attack by employing the present
three-dimensional nonequilibrium viscous-shock-layer code
and a two-dimensional nonequilibrium viscous-shock-layer
code27 are provided in Ref. 13. Both of these codes employ
similar computational grids, reaction-rate kinetics, transport,
and thermodynamic properties. Therefore, the two codes pre-
dict, as expected, almost the same velocity, temperature, and
species concentration profiles.13

Results for Nonequilibrium Flow with Slip

Comparison with Experimental Data
Before carrying out nonequilibrium calculations for the

low-density (or low Reynolds number) flows, RAM C-
II and RAM C-III (Refs. 28 and 29) flight data were used
to verify the accuracy of predictions obtained from the pres-
ent three-dimensional nonequilibrium viscous shock-layer
(VSL3DNQ) code with slip. These (RAM C-II and RAM
C-III) were two of the three Radio Attenuation Measurement
test vehicles for the investigation of flowfield plasma under
re-entry conditions. The basic vehicle was a 9-deg spherically
blunted cone and was instrumented to measure electron num-
ber density across the shock layer. Microwave reflectometers
were used to measure the peak values of electron number

1.6i—
Nonequilibrium flow

27.3

nsh
From viscous nonequilibrium flow

---- From inviscid equilibrium flow

Fig. 4 Comparison of input shock-layer thickness for a 9-deg
sphere-cone from two approaches.

nsh

1.6 i—

1.2

0.8

0.4

Nonequilibrium flow
MOO = 27.3

a = 5°
Rfj = 1 5.24 cm
TW=1000K

= 0.3626 x10"4kg/m3

Input shock shape from (see Fig. 4):
• Viscous nonequilibrium flow
• Inviscid equilibrium flow

-5 -3

Fig. 5 Comparison of output shock-layer thickness for a 9-deg
sphere-cone from two approaches.
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0.24

0.18

0.12

0.06

0° (Windward)

s = (jc/180) a : Stagnation point

Nonequilibrium flow
Moo = 27.3

-3

ct = 5°
RN = 15.24cm
TW=1000K
p^ = 0.3626 x10"4kg/m3

Input shock shape from (see Fig. 4):
• Viscous nonequilibrium flow
• Inviscid equilibrium flow

J

Fig. 6 Comparison of heat transfer coefficient for a 9-deg sphere-cone from two input shock shapes.

0.24|—

0.18 -

0.12 -

0.06 -

Tangency point in
sbody coordinates

Tangency point in
S>wind coordinates

s = (jc/180) a : Stagnation points
swind (windward)

Nonequilibrium flow:
M^ = 27.3

= 196K
R*N = 15.24cm

p*00 = 0.3626 x10~4kg/m3

—-—.— a = 5°
a = 8°
a=11°

Fig. 7 Comparison of heat transfer coefficient for a 9-deg
sphere-cone at different angles of attack.

densities in the shock layer at several locations along the
cone. A langmuir probe rake that extended across the shock
layer at the base of the cone measured electron number den-
sity profiles. Details of the vehicle and experiment are given
in Refs. 28 and 29. RAM C flight data are few of the data
available for the flowfield profiles under the high-energy,
low-density flight conditions. Figure 8 shows a comparison
of the flight-data and the present predictions with and without
surface and shock slip. Present results have been obtained for
a fully catalytic surface at a constant wall temperature of
1000 K, using a seven-species chemistry model. A good
agreement is obtained between the data and the predictions
with the slip conditions. With shock slip, a greater degree of
dissociation and ionization is obtained behind the shock. This
gives a larger electron density distribution through the shock
layer as compared to the no-slip case. The present predictions
of peak electron number density within the shock layer com-
pare very well with the experimental data, as shown in Fig.
9. Similar to Fig. 8, the no-slip values are lower because of
the reduced levels of dissociation and ionization behind the
shock. These comparisons show that the accuracy of the low-
density predictions with the present slip-formulation is quite
good.

Comparisons with DSMC and Other Calculations
Figure 10 gives a comparison between the present predic-

tions and those of Ref. 30 from the DSMC method. Present
results are shown with and without the surface and shock-
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10

Fully catalytic wall
Alt = 71 km

o = 26
o = 216K

= 15.24cm
TW=1000K
p^ = 0.7626 x10"
Re,*, = 6260
——— VSL3DNQ with slip
——— VSL3DNQ without slip

O RAM-CII
D RAM-C III

I______I______I

n*, cm
12 16 20

Fig. 8 Predicted and experimental profiles of electron density
across the shock layer for RAM-C conditions.
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Fig. 9 Comparison of predicted peak electron density with ex-
perimental data for RAM-C II flight vehicle.

slip boundary conditions. These predictions are based on the
surface and shock-slip conditions presented here and the
computational grid of Ref. 12. The results without corrections
are those obtained from the code of Ref. 9 with slip formu-
lation of Ref. 7. These results are used in Ref. 30 for com-
parison with the DSMC predictions. Clearly, the present
VSL3DNQ-slip predictions (with corrections) are in better
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Fig. 10 Predicted stagnation-point heat transfer coefficient at
different altitudes.

agreement with the DSMC results and have similar behavior
at high altitudes. The differences between two results may be
because of the surface interaction models, the transport prop-
erties, and the computational grid employed in the calcula-
tions. Present predictions as well as the DSMC results ap-
proach the no-slip VSL predictions under the high-density
flow conditions, as expected. Substantial computer resources
(both computational time and storage) are required to obtain
the DSMC results, especially at moderately high densities
such as those shown between 60 and 75 km altitudes in Fig.
10. Finally, Fig. 10 shows that the viscous shock-layer equa-
tions with the present slip conditions give results comparable
to the DSMC calculations (considered adequate for the low-
density flows) up to a freestream Knudsen number (\%/R%)
of about unity. Therefore, this formulation can be considered
sufficient and fairly accurate for Knudsen number values of
less than 1.

Concluding Remarks
Results from this study are summarized as follows:
1) A three-dimensional viscous-shock-layer (VSL3DNQ)

code has been modified for analyzing the low-density, non-
equilibrium flow past hypervelocity vehicles. This code is ro-
bust, dependable, and fairly accurate. Applications, however,
are limited to axisymmetric configurations.

2) Recently obtained surface and shock-slip boundary con-
ditions are implemented to account for the low-density effects.

3) The governing equations are solved in the computational
domain with a uniform grid. The grid-transformation em-
ployed gives finer resolution at both surface and shock and
does not add any numerical dissipation to the results.

4) Input shock shape obtained from viscous nonequilibrium
flow results in a superior convergence history, especially for
the low-density flows.

5) Excellent agreement is obtained with the RAM C flight
data for the low-density, high-energy flow conditions.

6) Present results compare favorably with those obtained
from the DSMC method for the low-density hypersonic flows.

Finally, despite its certain limitations, the viscous shock-
layer method has been shown to be computationally efficient
and a valuable tool for analyzing the low-density flows. With
the method suggested here for obtaining the input shock
shape for the three-dimensional nonequilibrium viscous
flows, the VSL method becomes self-starting, unlike the par-
abolized Navier-Stokes (PNS) methods. The VSL method
has been used for obtaining starting profiles for some PNS
calculations. The surface-slip conditions presented here may
also be used for low-density calculations employing the
Navier-Stokes equations. Further, if a shock-fitting approach

is used for such calculations to keep the computer storage
requirement reasonably small, the present shock-slip formu-
lation can be utilized.
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